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I. INTRODUCTION

In applied science and technology an important prob-
lem is that of estimating the behavior of a physical
process subject to random disturbances and measurement
errors in some manner which is "best" in the context of
some performance criterion. Frequently the description
of the process is in terms of a nonlinear stochastic
differential equation and a nonlinear measurement proc-
ess,

The state estimation problem for such a system is
a formidable one both theoretically and practically. Two
principal criteria have been used to judge the performance
of a particular procedures conditional mean and condi-
tional maximum-likelihood estimation. In conditional
mean estimation the object is to design an estimator that
produces an estimate which is the mean of the state condi-
tioned on the observations. Such an estimator minimizes
the variance of the state conditioned on the observations.
On the other hand, the goal of conditional maximum-
likelihood estimation is to maximize the probability density
function of the state conditioned on the observations.

Kushner [ 1] has determined the equations which are
satisfied by the conditional mean and conditional covariance

matrix, However, the conditional density function, which



is usually unknown, is required to implement the equations
for a nonlinear system,

In the maximum-likelihood approach two philosophies
have been adopted. One is to compute the mode of the
conditional density function. Kushner [2] has derived
the equation for the mode, bhut as in the conditional mean
approach, the unknown conditional density function is
needed to implement it., The second approach, taken by
Cox [3] and Mortensen [4], is to compute the most probable
trajectory to be followed by the system, This is called
the modal-trajectory estimator. The advantage of this
approach is that optimal control techniques can be used
to characterize the optimal estimator. However, problems
similar to the ones above arise when it comes to imple-
-menting the estimator.

As one may have concluded by now, the best we can
hope for in an application is to be able to find an ade-
quate approximation for the optimal estimator. Two trends
have appeared in the efforts to find good approximations,

Since the linear estimation problem has been solved
by Kalman _ 5] and Kalman and Bucy [ 6], it is natural to
attempt to approximate the nonlinear problem in such a way
that the solution to the linear problem can be utilized,

A brief statement of the linear problem and a summary of the

Kalman-Bucy equations are provided for reference in the



Appendix. The algorithms which have resulted are the
linearized, extended, and iterated extended Kalman filters,
among others. In the linearized Kalman filter the system
is linearized about a nominal trajectory and the Kalman
filter is applied to this linearized model. In the extended
Kalman filter the same linearization is used, but the
linearization is performed about the most recent estimate
obtained from the filter. The iterated extended Kalman
filter is the same as the extended Kalman filter with the
exception that an iterative procedure is employed at each
step to improve the nominal trajectory by reducing the
effects of measurement nonlinearities.

The other approach is to approximate the nonlinear
problem directly by assuming a density function or by
attempting to parameterize the density function. Some of
the results have been the second-order gaussian estimator
and the truncated second-order estimator. The truncated
second-order filter is obtained by assuming that third and
higher order moments of the conditional distribution may
be neglected. The second-order gaussian filter is obtained
by assuming the conditional distribution to be gaussian
and account for moments up to fourth-order by computing
them in terms of the second-order moments. System non-
linearities are approximated to second-order.

Surveys of the above mentioned algorithms and others
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may be found in Jazwinski [ 7] and Sage and Melsa [ 8].

One of the problems with these approximate methods
is that it is often difficult to justify the assumptions
required by a particular algorithm, Also it is very
difficult to ascertain the quality of performance which
will result from the use of the algorithm,

Another problem, which also plagues the Kalman filter,
is that in many applications the dimension of the system
may be large. Because of this, the computational and
high-speed memory requirements of the algorithm may be
excessive, particularly if real-time implementation via
a small on-board computer is desired,

In attempting to deal with these problems, we take a
new approach to the approximation of the modal-tra jectory
estimator., By adopting the modal-trajectory approach we
are able to utilize approximation methods from such areas
as large-scale control (see Kokotovie and Singh [9]) and
optimally sensitive control systems (see Werner and Cruz
[10]) to synthesize a new approximate modal-trajectory
estimator.

Our approach to the problem is formulated in the
context of large interconnected systems, We will regard
the system as a collection of interconnected subsystems,
Our description of this composite system in Chapter II is

a generalization of that used by Bailey [11].



[ ]

Using the modal-tra jectory approach Mortensen [ 4] was
able to obtain a nonlinear two-point boundary value problem
(TPBVP) whose solution is the optimal modal-tra jectory
estimator, In Chapter III we derive an approximate algo-
rithm for solving this TPBVP using a method used by
Werner and Cruz [ 10] and others (see Kokotovic and Singh
[ 9], Kokotovie and Sannuti [12], and cruz [13]) to design
optimally sensitive control systems, We will call this
method the e€-coupling technique., The €-coupling technique
together with the interconnected system formulation allows
us to obtain an estimator with the following properties:

(1) computations are carried out at the lower-

dimensional subsystem level,

(2) the smoothing as well as the filtering solution

is an integral component of the method,

(3) a qualitative estimate of the performance of the

algorithm can be obtained,

In Chapter IV we re-derive in our formulation the
€e-coupling soiution of Haddad and Cruz [14] to the 1linear
estimation problem, We also specialize our results in
Chapter III to the linear case to obtain another e-coupling
solution to the linear problem and state a theorem on the
performance of the algorithms,

At apprecpriate points in the exposition examples are

presented to illustrate the employment of the algorithms



and to demonstrate that the algorithms do work. A full
computational study, however, is beyond the scope of this

WOrkKe



II., DESCRIPTION OF AN INTERCONNECTED SYSTEM

In this chapter we describe a class of interconnected
systems which retains enough structural properties to enable
us to obtain meaningful computational and theoretical
results while being reasonably general.

The class of systems which we describe is basically
a generalization of that described by Bailey [11]. To
Bailey's model we add plant and measurement noise and
allow a nonlinear interconnection structure. In later
chapters we shall actually deal with just two subclasses
of the type of system described here.

The basic unit of our composite system; i.e., inter-
connected system, is the subsystem. The subsystem is
described by specifying its external inputs, its inter-
nal Structure, and its outputs. The composite system
may be described by specifying its external inputs, its
subsystems and their interconnections, and its outputs.

Suppose we have a compositz system composed of s
subsystens, Si. i=1, 2, . « «» S Then each Si may
be described in the following manner. The state xi(t)

of Si is determined at any time te(Tl,Tz) by

;ci(t) = £5(x;(£),8) + uy(t) + w, (¢) (2.1)



where £,(+,*) maps EPix gl into EPi, ui(t)eEni is the input
into S; at t, and wi(t)eEni is a white noise disturbance
process. E'1 denotes the ni-dimensional Euclidean vector
space, where ng is the dimension of Si' Equation (2.1) is
to be interpreted in the sense of Stratonovich (see e.g.
Jazwinski [ 7]).

The output of Si is given by

zi(t) = gi(xi(t)'t) (2.2)

where gi(o) maps glix El into Eqi.

The relationships among the subsystems are given by

S
j=1

where bij(°,') maps dix El into EMi, Ki(°) maps El into
the space of niXLQmatrices, and u(t)eEl is the external
input of the composite system.

The assumption is made that the internal structure
of the individual subsystems is not affected by the inter-
connection with other subsystems. In other words, we make
the usual "no loading" assumption. It may appear that the
assumption of noise-free connections between subsystems
has been made. However, the effects of noisy connections
can be accounted for in the Wy terms because surely in

practical systems the connections between subsystems are



not noise-free,

obtained by combining equations (2.1) - (2.3).

The plant description of the composite system can be

Denote by

x(t)eE™x E"2x ., . , X E™S the composite system state at

time

vhere the prime denotes transpose.

where

and

such

and

t; i.e.’

x(t)

£'(x,t)

c'(x,t)

that

ci(x,t)

K(t) =

X' = (xl’x2’ o o o xs).

Then

= £(x,t) + c(x,t) + K(t)u(t) + w(t)

= (fl(xl’t)’f2 (xzot)’

= (Cl(x’t):cz (x,t)s

S
= zbij(zj(xj),t), i

j=1

-
Kl(t)

%/

Ky (t)

&

Ks(t)_l

e o o) fs(xs’t)).

o o cs(x)t))'l

= 1, 2’

es 83

(2.4)
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and
w'(t) = (wl(t)nwé(t)s e o o9 ws(t))'o

We call c(°*,*) the interconnection term, u(°®) the
composite system (external) input, and w(e¢) the composite
system plant disturbance. It is assumed that the function
f + ¢ + Ku is continuous and continuously differentiable
up to some order N + 1 in all its arguments in some domain

D of the (x,u,t) space.

Suppose now that we can make measurements on the

subsystems, Then for S; we have (yi(t)eEmi)
Yi(t) = hi(xi(t)’t) + di(X(t)’t) + Vi (2.5)

and for the composite system measurement (y(t)eEmix E™2

X o o « XE™S)
y(t) = h(x(t),t) + d(x(t),t) + v (2.6)

where the definitions of y, h, 4, and v without subscripts
refer to the whole composite system,

The Vi(°) term in (2.5) is a white noise process which
expresses the uncertainty in each subsyétem measurement.,
The possibility of other subsystem states coupling into
the measurement is the motivation for the d(e¢,°) term.

Observe also that external self-feedback (possibly

nonlinear) around a subsystem is allowed in this formula-
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tion. Similarly, self (possibly nonlinear) coupling is
allowed in the subsystem measurements. These two Taatures

will be important in our approach to the nonlinear esti-

mation problem.

Thus far we have not completely specified the noise
processes in the model., This can be done by specifying
their mean and covariances (assuming gaussian distri-

butions). Thus, let

mean{w(t)} = 0, for all te(Tl,Tz)

and
coviw(t,),w(ty)} = Q(t))8(t; - t,), for all t,t,e(T,,T,)

where <ﬂ') denotes the Dirac delta function. We will

assume w(°*; is independent of v(°*) and that
mean{v(t)} = 0 for all te(Tl,Tz)

and
covi{v(t,),v(ty)]} = R(t:l)é(tl - t,)

R, (t.)
1%,
Rz(tl) g

= 6(1:1 - t,)
& .
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for all tl,tze(Tl,Tz).

Note that Q is not necessarily block diagonal 8o
that the effects of noisy ccnrections can be included,
R is block diagonal because it is assumed that the sub-
system measurements are made independently.

Before proceeding to the estimation problem we give
three examples of composite systems whose subsystems are

interconnected in different ways.

EXAMPLE 2,1. A simple cascade system is obtained by

letting Kz. e o o> KS be zero and W o=z K=2, ¢« o o
s. The block diagram of Figure 2.1 indicates the structure
of such a system. The fact that no measurements are made
on S;, « « «» S,_; can be accounted for by letting hi and
di’ i=1, « ¢« oy 8-1, be identically zero, causing Yi»

T e ey 5.1 to be meaningless.

EXAMPLE 2.2. The block diagram of Figure 2.2 indicates

the structure of a simple parallel connection of subsystems
in which the only measurement is the sum of the subsystem
outputs., This measurement may be arbitrarily assigned

to s, with Yor o o o Yg discarded as in Example 2.1. Of
course, in many practical situations measurements can be
performed at other points in the system and y determined
accordingly. The form of y in these illustrative examples
is not meant to give the impression that other possi-

bilities are precluded.
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EXAMPLE 2.3. A simple loop connection of subsystems

is depicted in Figure 2.3. The only measurement available

is the output of Sk-l' In this case, only Kl is nonzero.



L 32 j——a— ¢ ® & Ss y

Figure 2.1. A simple cascade system

14 ¢



Figure 2.2,

A simple parallel connected system

6T



Figure 2 . 3 .

A simple closed-loop system

91
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IIT. MODAL-TRAJECTORY STATE ESTIMATION

FOR NONLINEAR INTERCONNECTED SYSTEMS

In the modal-trajectory approach the conditional
density function is not required. Instead, the most
probable trajectory in function space is computed to
obtain the smoothed estimates, with the filtered esti-
mate being the final state of this trajectory. The
appeal of the method is that the estimator equations
can be obtained via control theoretic techniques. Hence,
one might expect that approximation techniques which have
been used successfully on control problems might be
utilized to obtain an approximate modal-tra jectory esti-
mator. As we shall see, this is precisely the case, and
we shall also see that this fact will enable us to
evaluate the quality of our approximate algorithm.

The €-coupling method which we will use to obtain
our approximate estimator originated in sensitivity
analysis and the theory of optimally sensitive control
systems; see e.g. Cruz [ 13]. The method may be outlined
in the following way. Suppose we have a control system
with a cost functional which contains a parameter. The
procedure then is to expand the state (as well as the
costate and the control) in a series about some nominal

value of the parameter and to solve for the coefficients
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(in function space) in the series. The necessary condi-
tions for optimality can be used to evaluate the coeffi-
cients. The advantage of this method in our probklem is
that the resulting equations which must be solved are

decoupled by subsystem.

In practice one uses only a truncated version of the
series. The degree of approximation is determined by how
many terms one is willing to compute. The natural ques-
tion which arises at this point is why is this procedure
any better than computing a truncated series about a
nominal state trajectory or the latest estimate (1lin-
earized and extended Kalman filters)., As we shall see,
if the problem is formulated appropriately, considerable
reductions in computation can be obtained so that more
terms in the series can be carried. The procedure also
gives one a systematic method for computing the terms in
the series and a way of ascertaining the quality of the

resulting algorithm.
A, Derivation of the Algorithms

In this section we derive the approximate modal-
trajectory smoothing and recursive filtering equations for
a sub-class of nonlinear composite systems of those
described in Chapter II. We consider only systems which

have linear subsystems and no external inputs. Our
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algorithms can be easily modified to include systems which
have nonzero deterministic external inputs.

Thus, we have, for the composite system,

x(t) = F(£)x(t) + o(x(t),t) + w(t) (3.1)
y(t) = H(t)x(t) + d(x(t),t) + v(t) (3.2)
where
(F.(t) ]
1
Fa(t) 4
F(t) = *
g '.
i Fs(t)J
2nd
(H, (¢) ]
Hy(t) 4
H(t) = .
g ‘.
i Hs(t)_

and where ¢, d, w, and v are as defined in Chapter II.
Assume also that the initial state x(to) is gaussian
distributed with mean p, and covariance P(to), t, in
(T, T,).

In order to apply the €-coupling technique, we
introduce the coupling parameter € into equations (3.1)

and (3.2) and into Q and P(to) as followss
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%(t) = F(t)x(t) + ec(x(t),t) + w(t) (3.3)
y(t) = H(t)x(t) + ed(x(t),t) + vit) (3.4)
—'Ql €015 €Q13 « o . €Q, -
6021 Qz eQ23 ® L] .
Q = . ¢ » (305)
er-l,l ¢ e Qs-l er-l,s
_?Qs,l * er,s-l Qs B
Pl(to) ePlZ(to) .« o o epls(t )
epzl(to) Pz(to) o o o
P(to) - . L] (306)
Ps(to) B

€ is allowed to vary on the interval [0,1]. When € = O,

we have a set of decoupled linear subsystems and when

€ = 1, we have the original composite system,

Now, the likelihood function for this composite system

is (see Mortensen [ 4])
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3, = 0.5[x(t_) -"L]'P'l(to)[x(to) -p]

t
+ o.sf {{x(z) - F(r)x(x)
t
o] -1 N
- ec(x(2),2)]'Q" (v, e ) x(%)

- F(z)x(?) - ec(x(z),z)]}ar

t
+ o.sf {{y(z) -~ H(Z)x(?)
t

[0}
- ed(X(’t:).’c')]'R-l(’b')[Y(’t)

- H(2)x(®) - ed(x(2),?)]1az (3.7)

Equation (3.7) can be derived by use of the theory of
Feynman integrals in function space, Mortensen [15].

For a given realization of y(7), to ST<Lt, Jt is a
functional only on x(°*) (and €). The most probable
trajectory is computed by minimizing Jt with the end
conditions x(to) and x(t) free. The minimizing trajectory
x(7), t, <2 < t, is the modal-trajectory smoothed estimate
and the final state x(t) is the modal-trajectory filtered
estimate.

In order to perform sequential filtering it is

necessary to continually update the optimal estimate as

t varies. As discussed in Mortensen, this requires us to
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perform the minimization for & new modal-trajectory for
each new t; i.e., perform an infinite sequence of minimi-
zations, Clearly, this is an undesirable property of the
modal-trajectory estimator. However, we shall see that
application of the €-coupling technique to the problem
eliminates this prohibitive computational burden.

To put our problem into more convenient form,
substitute (3.3) into (3.7) and treat w(v), to <t <t, as
a control., The problem now is to choose the control

which minimizes

J, = 0.5[x(t,) -,u,]'P‘l(to)[x(to) -j]

t
+ 0.5f {w'('e)Q"l(e,e)w(c) + Ly®) - H2)x(®)
to -1
- ed(x(®), )R (v)y() - HE)x(®)

- ed(x(%),%)]}eT (3.8)

subject to
x(¥) = FiE)x(E) + ec(x(x),2) + w(t), t, <t <t (3.9)

with x(t) and x(to) free, In this form, we have the
tracking problem of optimal control theory.

Denoting the costate by A, we define the Hamiltonian as

(X, A, W €,%) = 0.5 w* ()0~ 1 (2, e)w(n) + () FEE)x(x)
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+ cc(x(x),t) + wr)] + 0.5 [y®) - HE)x(®)
- ed(x(®) )R I yw) - BHE)x ()
- ed(x(T),xr)]. (3.10)»

Considering y(°*) to be a known function of &, we apply
the minimum principle (Pontryagin, et al. [16]). The

resulting necessary conditions are

x(2) = T = FIx(®) + ec(x(t),X) + wir) (3.11)
) = < = [F () + ecl(x(1),%) INE)

+ [H () + edl (xx),2) IR () [y (%)

- HEE)x () - ed(x(t),T)] (3.12)
T, = e, ewr) + AR = 0 (3.13)
Ney) = Prie )[x(e) -ud,
ANt) =0 (3.14)

where the subscripts indicate partial differentiation with
respect to the indicated argument.,

Solving (3.13) for w(%),
w(T) = -Q(T,e)A). (3.15)

Substituting (3.15) into (3.11), we obtain the following



24
two-point boundary value problem (‘fPBVP)

x(%) = F(@)x(r) + ec(x(¥),t) - QT,e)AT),  (3.16)
) = {FR) + ecx(x(’t).’l:)]'N'l:)

+ [B(®) + ed (x(*),0) 'R~ (0)[y (%)

- H®)x(®) - ed(x(®),%)], (3.17)
x(ty) = + P(E)INE),
A(t) = 0. (3.18)

For each fixed t, this TPBVP must be solved for x(t) and
AMT), t, <% <t since the boundary condition A(t) = 0
must be re-enforced at each new t. To emphasize that

X, As» Q, and P(to) are also functions of ¢, we shall
often write x(&,¢), A(t,¢c), etc.

Because of this and the regularity conditions which
were imposed on the system model in Chapter II, we know
that solutions to (3.16) - (3.17) are continuously
differentiable up to arbitrary order N + 1 (see Coddington
and Levinson [17]).

Thus, the solution of (3.16) - (3.,18) can be written

in the form

2 .k
x(e) = Y 2. x5(%,0) (3.19)
k=0
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and

[22]
k
A®e) = ) 2 Xw,0), (3.20)
k=0

where

K
x (£,0) = g;kat,e)lzo and

ak

Ae,0) = £ Ax,e)]
ae e=0

The solution (3.19) is the optimal trajectory. In practice,

we must be content with only a finite series approximation

to (3.19) and (3.20) which, of course, is sutoptimal.

Denote this suboptimal solution by x* and A*. Then

N-1
x*(=,€) = € x*(%,0) (3.21)
. gix (%
2,
and
N-1
xx(z,e) = ) g, X,0). (3.22)
k=0

We call x* the Nth-order near-optimal estimate.

Our task now is to solve for the xk and 2} terms in

(3.21) and (3,.,22).
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(x°,2°) is the zeroth-order solution which

results from solving the TPBVP which is obtained by setting

€ = 0 in (3,16) - (3,18). That TPBVP is (where the

arguments 4 and € = 0 are to be understood unless other-

wise noted)

x© = Fx® - Q°F° (3.23)

= -F'° + HR L y®) - 8x°] (3.24)

>3
I

x%(t) =+ POUE ) Rt ),

ey =0 (3.25)

Observe that if we now write out (3.23) - (3.25) in

partitioned form by subsystem we obtain a set of s linear

decoupled TPBVP's., For i =1, 2, . « «5 8

ig = FyX{ - QA7 (3.26)
i: = ~F3A] + HIRT Ly, (%) - H.xT] (3.27)

x§<t°> =i + Pi<to)2§(t°).

)g(t) =0 (3.28)

This linear TPBVP is easily solved (see Bryson and Frazier

(18] or Jazwinski [ 7]). Suppose dg and ﬁg are solutions

to (3.26) and (3.27) respectively with dg(to) = pLy and
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o
ﬁ%}to) = 0 and that xg and Yg are matrices which solve the

initial value problem
*0 _ o o o -
X = F.X; + Q.Y Xi(to) = Pi(to); (3.29)

-1

i I; (3.30)

*0 ) . o o

where I is the identity matrix. Then it can easily be

verified that the solution of (3.26) - (3.28) is
x(2) = o) + X3 ¥S(0) IR (e) (3.31)
) = B3 - v2ulxS(e)] R (e) (3.32)

assuming that the inverse exists.,

To demonstrate that this is so, substitute (3.31)

into (3.26),

of + x{L¥(e)]7g5ce) = Fof - 0,82 + FixL¥S(e)] T BY (e

+ QiYg[Yg(t)]-l SCE) (3.33)

o P e) o o o0 o) -1,0
of = Fy0f - 0,87 + [F;x§ + 0,¥] - xPU¥§(e)]17°80(¢)  (3.34)

Since O(g and pg must satisfy (3.26), we have, for ’?:e[to.t].

O O o)

Similarly, it can be shown that (3.30) hoids.

Step 1: Having solved for x® and 2 in Step 0, we
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differentiate (3.16) - (3.,18) with respect to € and set

€ = 0 to obtain the set of s linear decoupled TPBVP's

i; = Fixi - Qéki + Ag(xo;)?,t) (3.36)

°1 11 S, U | 0,.0 3O

)\i = -Fi)\i - HiRi Hixi + Bi(x ox »Y»T) (3.37)
8

1 1 (o]

x(e ) = B (e AL(t,) + ;Pij‘to”\j“o"
3£1

Aj(t) = 0 , (3.38)

where
s

A‘.l’(x°,2\°,'z:) = Ci(xo,'t:) - Zoi J.7L‘JE (3.39)

J#1

BY (x°, 2% v,%) = [das(x°,2)R"1(y - Hx®)
-y (x°,%) 20 - HR A%, M)  (3.40)

do not depend on x! or Al. The [']i in (3.40) is used to
denote the ith-partitioned block of the enclosed vector
quantity.

Now, (3.36) - (3.38) is a linear TPBVP and can be
solved in the same manner as in Step 0. Let di and ﬁ; be
solutions of (3.36) and (3.37) respectively withtx;(to) =

pi(to) = 0, then x; and Ai are given by

x5 (%) = o (%) + x;(e)[v;(£)] 7B (e) (3.41)
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A ¢e) = B ) - vi[vie)] g (e) (3.42)

where the matrices xi and Yi‘ solve the initial value problem

X g (3.43)

(T4

1 1 1

"
-

vl o= -F'Yl + H'Riln xl. Yi(to) (3.44)

e e

Step ks Having solved for x? ana X in step j,
j =0, 1, 2, « & o» k=1, differentiate (3.,16) - (3,18) k

times and set € = 0 to obtain the set of s linear decoupled

TPBVP*'s
*k k k-1
x5 = FiX§ - QY + af (3.45)
sk k -1, _k kel
A{ = -FI\{ - HJR] H;x7 + B] (3.46)
S
(e ) = B (e N () + k; P, (e IXSTHCE ),
j£1
k
Zi(t) =0 (3.47)
where A}; 1 and B];"l do not depend on x* and 73: .

The TPBVP can be solved in the same manner as those
of the previous steps. Let 0(}; and p}; be solutions of (3.45)

and (3.46) respectively with dlic(to) = ﬁ’;(to) = 0, then
x5 (#) = o) + xpelv3(e) 17 (e) (3.48)

PHORT AOR AR AT HO (3.49)
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where the matrices Xi and Yg solve (3.43) - (3.44).

Let us summarize briefly the computational procedure
for determining the Nth-order near-optimal estimator.

Stage 0s For i =1, 2, « « «, 5 and t, <% < t, for
fixed t, perform the following three steps.

Step 11 Solve the initial-value problem

*0 O Lo
O(i = Fiu(i) - Qipis O(i(to) =IL(,i (3050)

e = -F1p? + HIRT [y, () - B08T, pY(t,) = 0 (3.51)

Step 2: Solve the matrix initial-value problem

[ ]
(o}
X5

Fix‘i’ + oiy‘i’. x‘;(to) P, (t,) (3.52)

[}
La

O o -1 o o
Y] = -F}Y; + HIRTTH. XS,  Yi(t)) (3.53)

Step 3: Compute the zeroth-order term in the estimator

via equations (3.31) and (3.32).

Stage Ks (k = 1’ 2, e o oy N) for 1 = 1’ 2' e o o9 8
and to <%t < t, for fixed t, perform three steps.
Step 1: Solve the initial-value problem
X K kK K-1 K
oly = Fof - Qig,i + A7, o(t,) = 0 (3.54)

p’l‘ - -Fip’i‘ - Hin'i'lnio(’i‘ + BF°L, f;’.l‘(to) =0  (3.55)

Step 2: Perform this step if k = 1, If k > 1, skip

and go on to Step 3. Solve the matrix initial-value problem
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°1 1 1 1
X; = Fixi +Q.Y7, Xi(to) =g (3.56)
°l _ vl R | 1 1 _

Y, = -Fi'x‘i + HIRY H X7, Yi(to) =1 (3.57)

Step 3: Compute the kth-order term in the estimator

via equations (3.48) and (3.49).

Stage N: For the Nth-order near-optimal estimator,

N-1
x*(%,1) = Z%a"k("’o)' £ <% < te (3.58)
k=0

If an estimate is desired for some x(tl), t; > t, set t =
tl, return to Stage 0, and repeat the procedure.

éeveral observations can be made about the above
algorithm., First, all computations are carried out at the
subsystem level, Hence, for large composite systems we
would expect a considerable savings in computation over
that required by other methods which attempt toc solve the
original 2n-dimensional TPBVP, if only a small number of
terms in the series are required,

Secondly, 2F must be carried along at each stage so
that Ak and Bk can be computed in the next stage.

In the present form, the algorithm obtains the smoothed
estimates whether or not they are of interest, It may
happen that only the filtered estimates are required,

Finally, recursive filtering via this algorithm
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requires iterating through all of the stages for each new
value of t and suffers from a "growing memory" problem
since the differential equations must be solved from to
for each new t.

In computing smoothed estimates of the state of a
system, we would expect to encounter computational
difficulties such as those above. Rarely would we expect
to perform smoothing in real-time. As an off-line
procedure, the above algorithm becomes practical with the
use of a general-purpose computer and the utilization of
"slow" memory where required.,

However, if the task is to perform recursive filtering,
then the above algorithm is clearly unsuitable for real-
time operation and the memory requirements make off-line
applications possible only for small problems., For the
purpose of recursiﬁe filtering, we can reduce the algorithm
to a more suitable one which does not have the growing
memory problem and which does not require computation of
the costate.

For purposes of identification, we designate the first
algorithm as the smoothing algorithm and the filtering
algorithm which we will now derive as the recursive filter-
ing, or just filtering, algorithm.

Recall that the zeroth-order term in the filtered

estimate is obtained by evaluating equation (3,31) at



33

T= t. Thus.

x‘i’(t) = o(‘i’(t) + pg(t)p‘i’(t) (3.59)

wvhere we have set
x(e)¥() ] = p(e). (3.60)

Suppose now that we differentiate (3.59) with respect
to t and recall that o(g and p‘; must satisfy (3.50) and

(3.51) even at £ = t. Then
dxg/dt = da@?&t + [dpg/at]pg + Pg[dpg/at]
= F, x + PiHle [yi(t) - Hixg]
11 1

+ [dPg/at - Fipg - P°F¢ - Q.

+ PlHiRl H P ]ﬁ& (3.61)

If we require that Pg(t) satisfy

(o} H!
dPi/dt = FiPi + P° iF1 + Q - pi 1R Hi 1 (3.62)
then
=1
i/dt s F, x + PlﬂiRl Ly, (t) - Hixg]. (3.63)

To determine the initial conditions on (3.62) and (3.63),

let t = to in (3.28) and recall the definition of Pci’,

equation (3.60), and the initial conditions on x‘; and Y‘i).
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O
(o]

Thus, the zeroth-order term in the near-optimal
recursive filter is a set of s decoupled Kalman filters.

Following the same procedure, similar results can be
obtained for the higher order terms in the series., There-
fore, let us summarize briefly the Nth-order near-optimal
recursive filtering algorithm,

Staée Os For i=1,2, . . ., 8and t > tor the

zeroth-order term is given by

50 o On, Orren=1 (o]

o
‘o o o -1 o

x; = F;x; + P/HIR, [yi(t) - Hixi],

x2(t ) =(4. (3.66)
i' o }L1

where the dot now denotes differentiation with respect to t.
StaEE)(! (k81.2..oo,N)fOfi-‘-l.znooo.s

and t > tos the kth-order term is given by

*1 1 1., S T R |

1
Pilt,) = & (3.67)
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*k _ 1,,0-1, 7.k . plgk-l . k-1
=t ) = 0 (3.68)
i1 O

where Pi is computed only at Stage 1,
Stage N: The Nth-order near-optimal recursive filter

is given by

N-1
x*(t,1) = $.x%(t,0), t > t,. (3.69)
k=0

The filter is recursive in the following sense. We
have in mind, of course, the implementation of the algorithm
on a digital machine. The filtered estimate is specified
by the solutions of (3.65) - (3.68) evaluated at t. For
the filtered estimate at t +/A\t, one merely integrates
(3.65) - (3.68) forward to t +At. The only quantities
which must be stored are the values of the solutions at t.
Once the values at t + At have been obtained, the values at
t may be discarded. Thus, the filtering process proceeds
from step to step, the present step depending only on the
previous one,

We have derived approximate algorithms for the
performance of nonlinear smoothing and recursive filtering

vhich require us to solve only linear equations, The
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computations are performed at the lower dimensional sub-
system level, and we expect that it will be most useful in
applications to large system problems. Note also that the
"gains” can be precomputed if desired, whereas in the
extended Kalman filter this is not true because of the
need to re-nominalize about each new estimate.

The degree to which the solutions resulting from the
algorithms approximate the optimal solutions depends only
on the number of terms in the series that are computed.
The natural question then asks how many terms are enough.
A partial answer to this question will be given in the

next section.
B. Performance Analysis

The degree of approximation achieved by the Nth-order
near-optimal estimator can be determined at least qualita-
tively via a theorem first stated and pro§ed by Werner
and Cruz [ 10] and later generalized by Cruz [13]. It
was used to assess the suboptimality of a design technique
for feedback control systems subject to parameter varia-
tions. Although stated for a control problem, the result
translates directly to the modal-trajectory estimation

problem,

Suppose that we evaluate Jt for both x(-,€) and
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x*(+,e). Denote these values by 3t(e) and Jg(e) respec-
tively. If we now expand both 3t(e) and J{(e) in a series
about € = 0, we get the following result, which is applica-
ble to both smoothing and filtering.

THEOREM 3.1. For an Nth-order near-optimal estimator,

the first 2N terms of the series for JE are equal to the

corresponding 2N terms of the series for Jt’

kA
R = L) s x=0,1,2, ..., 281 (3.70)

Proof. See Chapter 6 of Cruz [ 13].

Although the above theorem tells us that the terms in
the series match one another, for up to the 2Nth-order,
no estimate of the difference between the two series is
available., Thus, it fails to answer quantitatively the
question of how good the performance of our estimator is.
We might speculate that the answer can be found by deter-
mining bounds on the remaining terms in the series for
3t and Jz. Unfortunately, a procedure for determining

such bounds has not yet been discovered.

C. Example

In this section we present a simple application of

the near-optimal recursive filtering algorithm to demon-
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strate that the method does work for at least some problems,
A full computational study of the algorithm, although
desirable, is beyond the scope of this work. It should
also be noted that the computational advantages of the
algorithm cannot be fully realized on small problems,

The advantage of the subsystem level computations become
more pronounced with larger composite systems.

For our example we consider the following system

il = ax, + bxf + CXy + Wy (3.71)
:.cz = dx, + W, (3.72)
Xy = Xy + Wq (3.73)
= X, + x2 + X, + V (3.74)
Yy=%x 1 3 .

Xl(O)NN(i_Llnpl(O)).Xz(O)NN(sznPZ(O)).
x3(O)A/N9L3,p3(O)) (2,75)

This system may have originated as a scalar system with a
Riccatti type plant description and with exponen;ially |
correlated plant and measurement noise components. The
states x, and X3 result from augmenting the sggtevwithvthe
correlated noise processes. Although small.'this problem
presents the algorithm with several elements which_pxgvéde

a fair test: nonlinear self-feedback in cne subsystem,
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a nonlinear measurement, and coupling between subsystems
in both the plant dynamics and the measurement process,
Choosing to view the system as an interconnection of
three scalar subsystems with states X1s Xo» and X3
respectively, the composite system has the structure
depicted in Figure 3.,1. The third-order near-optimal

recursive filter is given by

pd = 2ap + q, = (6D)%/r, p;(0) = p,(0) (3.76)
pS = 2dp3 + a,, p5(0) = p,(0) (3.77)
pS = 2epJ + aj, p3(0) = p5(0) (3.78)
ig = axg + p:(y - xg)/r. x:(O) = M (3.79)
ig = daxJ, xg(o) = L2 (3.80)
ig = exg. xg(o) =3 (3.81)
Py = 2apf + q, - (8])%/r, p1(0) = 0 (3.82)
B, = 2dp; + g, p5(0) = O (3.83)
Py = 2epy + 4y p3(0) = 0 (3.84)

°] 1 1 1 2
x] = (a - py/r)x] + pl[2xg(y - xg)/r] + b(xg) + cxg,

xi(o) = 0 (3.85)
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x5 = dx3, x3(0) = 0 (3.86)
1 1 1 o 1 _
X3 = eX3 + p3f(y - xl)/r, x3(0) =0 (3.87)

§2 (a - pi/r)xi + 4pi[xi(y - xg) - xixi - xi(xg)z

1o o o_1 1l 1. 0 1
- £x7X3 - X, (2x7x + fx3)]/r + 2(2px7x] + ©x3),
2
X2 = ax2, x2(0) = 0 (3.89)

°2 2 h 1 0,2 o
x ex3 - 2p3f[x1 + (xl) + fx3]/%,

w
]

x§(0) =0 (3.90)

xg(t) = x3(t) + xi(t) + o.5x§(t). i=1, 2, 3 (3.91)



+
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W — ] s -
1 1
+
1
C -
W S, 2z,
23
Wy —s S, o f

Figure 3.1.

A simple nonlinear system

1874
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Notice that pg, pg, and p; are not actually needed
anywhere in the computations so that equations (3.77),
(3.78), and (3.83) may be deleted. Also, further simpli-
fication can be obtained by recognizing that the solutions
of (3.80), (3.81), (3.86), and (3.89) can be found analyti-
cally, eliminating the necessity of integrating them

numerically. Hence,

xg(t) =ﬁL2exp{dt} (3.91)
xg(t) =}L3exp{et} (3.92)
x3(t) = x2(t) = 0 (3.93)

for all t > 0.

The system (3.71) - (3.74) was simulated for several
sets of parameter values and sample functions using rectan-
gular integration with a step size of 0.001. Simultaneously,
the above near-optimal modal-trajectory filter, and for
comparative purposes, the extended Kalman filter for this

system were simulated.

In all cases, the a, d, and c parameters were set as

follows:
a = -0,5 cov{v(tl).v(tz)} = ré(t1 - t2) = 0.16(t1 - t2)
d = -100.0 cov{w(tl).w(tz)} = diag{ql,qz,q3}5(t1 - tz)
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The values for d and e were chosen to make the response of
the correlated noise states appear nearly white relative
to the response of Xqe

In Fiqures 3,2 - 3,7, for four sets of parameters,

a typical sample function and the estimation error resulting
from the extended Kalman filter, the second-order near-
optimal filter, and the third-order near-optimal filter
were plotted on semi-log axes. Because of the wide range

of values encountered, this type of scaling was required,
The results for states Xq and x5 are given for only one

set of parameters as they did not change appreciably from
one set to the next.

In Figure 3.2 note that after an initial transient
period the third-order near-optimal filter produces a
smaller estimation error than the extended Kalman filter.
The second-order filter does better than the extended
Kalman filter at times, but not consistently so. Thus,
it appears that the improvement in performance warrants
the addition of the third term in the series for this

example,

In Figures 3.3 and 3.4 we see that all three filters
do an equally poor job of tracking the correlated noise

states,

Figure 3.5 demonstrates the result of increasing the

effect of the plant nonlinearity. The extended Kalman
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filter performed about the same. However, the near-optimal
filters did well until near the end of the fun. when the
estimation error began to increase.

Figure 3.6 illustrates the effect of increasing the
coupling in the plant dynamics. Very little change in
performance resulted.

In Figure 3.7 we find, as expected, that the effect
of decreasing the coupling in the measurement results in
even better performance by the near-optimal filters.

From this example, we can draw several preliminary
conclusions regarding the performance of the near-optimal
modal-trajectory filter. The near-optimal filter should
perform well under conditions of light coupling and small
nonlinearities., One might reply that this is true also
of the extended Kalman filter, which is less tedious to
design. However, it should be remembered that the near-
optimal filter is intended for application to large-
dimensional problems where its decoupling properties provide
significant computational savings over methods such as the
extended Kalman filter. In addition, unlike other approx-
imate filters, performance can be improved by computing
more terms in the series, with Theorem 3.1 indicating how

much the performance is to be improved.
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IV. STATE ESTIMATION FOR

LINEAR INTERCONNECTED SYSTEMS

In this chapter we present two approaches to filtering
fof linear interconnected systems. Both approaches are
based on the €-coupling technique. Unlike the nonlinear
problem, the linear problem has a known closed-form
solution, the Kalman filter. See the Appendix for a state-
ment of the linear estimation problem and a summary of the
Kalman filter equation. For large systems, computational
problems arise, however, which may render implementation
of the Kalman filter impractical in a particular applica-
tion because of the severe computational limitations which
may be imposed by the capability of the on-board computer.
Over the years a number of ad hoc methods have been
proposed to remedy the problem; see e.g. Pentecost [ 19],
Acki and Huddle [ 20], and Bucy and Joseph [21]. The €-
coupling method provides two systematic approaches to this
problem, The computational load is relieved by performing
computations at the lower-dimensional subsystem level,

Given the system model, the Kalman filter is uniquely
specified by the covariance matrix of the estimation error.
This matrix satisfies a matrix Riccati equation. In Section
A we apply the ¢-coupling method to this Riccati equation

to obtain an approximate error covariance matrix. This
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approach is restricted to two-subsystem composite systems,
This approach is based on the approach of Kokotovié, et al.
[22] to the linear regulator problem, which was later
extended by Haddad and Cruz [14] to the linear estimation
problem. Although formulated within the framework of
interconnected systems, our results are substantially the
same as Haddad and Cruz.

In Section B we specialize the results of Chapter III
to the linear case to obtain a near-optimal linear filter
which is not restricted in the number of subsystems.

In Section C we give some performance results which
indicate the degree to which our filters are suboptimal.

We present some examples in Section D to illustrate

the use of the algorithms.
A, Two Subsystem Case

We now apply the method of Kokotovic, et al. [22] to
the covariance matrix, P, of the estimation error of the
Kalman filter to obtain the results of Haddad and Cruz [14].

Let our interconnected system be composed of two

linear subsystems which are linearly connected. Then
x(t) = F(t)x(t) + eC(t)x(t) + w(t) (4.1)

y(t) = H(t)x(t) + eD(t)x(t) + v(t) (4.2)
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where we have introduced the coupling parameter € and

X' = [xl,xzj',
w' = [wl,wzj',

vt = [vl,vzj.,

Fy : Z
F = -—_I_._..
[ F
[} { Cy5
C= |—-— T-—-—
Coy | #

B |
Hl I &
. He [————=
£ H
[~ |
# | D12
» D = '-_‘T_- »
| Doy | #

v and v are independent zero-mean gaussian white noise

processes with

cov{w(tl),w(tz)}

and

cov{v(tl).v(tz)}

Q (t;) "eQ (k)

= ————I————S(tl-tz)
€Q3,(t)) | Qy(t,)
Rl(tl): g

= ———'I———— S(tl-tz)'
] | R2(t1)

are assumed to be positive definite.
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Given the above model, the optimal minimum variance,
unbiased, a posteriori maximum-likelihood (modal-tra jectcry)
recursive estimator is specified by the solution of the

matrix Riccati equation
P(t) = [F(t) + ec(t)]P(t) + P(&)[F(t) + ec(t)]’ + Q(t,e)
- p(O[H(E) + ed(0)] RTI(E)[H(E) + eD(t)]P(L),
P(t_,€) given, (4.3)

where P(to,e) is of the same form as Q(t,e).

Since P actually depends on € as well as t, we will
often denote it as P(t,e). P(t,e) is an analytic function
of € on [ 0,1] from a theorem on the differentiability of
solutions of ordinary differential equations with respect
to a parameter (Coddington and Levinson [17]). Hence,
the solution P(t,e) can be expanded in a series about

€=0,

Q0
P(t,e) = 2 %kPk(t,O) (4.4)
k=0 ’

where Pk(t,o) denotes akP(t,e)/'aek evaluated at ¢ = 0 for
every t > t_.
Of course, in practice we would not expect to use

(4.4), but an approximate truncated version
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N-1
P_(t,¢) = :E:E:Pk(t,o). (4.5)
k=0

We now proceed to find the terms in the series (4.5)

via the same procedure as in Chapter III. Denote

K oyel ok
P S(t) l P, (t)

0 in (4.3) and write out the result-

Stage 0: ILet € =

ant equation in partitioned form

5O _ (o O Oep=1ly pO
o .
and
20 o
P, =0, P12(t°) = gZ. (4.7)

Thus, in the zeroth-order term, the off-diagonal
block is zero for all t and the diagonal blocks satisfy
decoupled matrix Riccati equations. Therefore, the filter
corresponding to the zeroth-order term is a set of two
decoupled Kalman filters., The dimensions of the filters

are that of the subsystems.

Having solved for P®, differentiate (4.3)

Stage 13
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with respect to € and set ¢ = 0O,

pl = [F - PPu'r~1H]P + PF - POH'R™14]" + o?
+ cP® 4+ P°%* _ P9 D'r"1H + H'R"ID]PC,

1 )

PR(t) = 55P(to,e)el o (4.8)
Writing out (4.8) in partitioned form yields
°1 o -1 1 1 o) -1 .
Py = [Fl - PJHIRT H P + Plfpl - PJHIR] Hl] ,
Pt ) =0 (4.9)
170" ~ *
*1 O ye-1 1 1 Opep=1. 1°
P; = [F, - P,H3RD"H, P, + P[F, - PJHIRSH,]
Pt ) =0 (4.10)
2' 0o’ ~ *

: O ep=1 1 1 Orep=ly 7°
P12 = [Fl - PiRIRy HlJPIZ + P15l Fy - FoH3RS H2] * Q12

(o] (o] -1 -1 O
+ Cy,P5 + P7Cy, - PIIDS RO TH, + H{R]'D,,]PD

- b -1 * "'1 (o] 1 - ~ . “
PLHIRS ™Dy, + DI,RTH JPD,  Pr,(t ) = Po(t)) (4.11)

Since equations (4.9) and (4.10) are linear and
homogeneous with zero initial conditions, Pi(t) and P;(t)

equal zero for all t > to. Thus, for Stage 1 we have
1
Pl(t) =g (4.12)

P;(t) & (4.13)
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for all t > t . The off-diagonal block is obtained from

.1 1 1 o 1 _
Pio = GyPip + P1oG3 + Q5 + Ajs, Pio(t)) = Pro(t) (4.14)
where
0, en~1
G, = F, - PJHJR] H, (4.15)
0., -1
G, = F, - P HIRSH, (4.16)
o (o] c -1 -1 (o]
Aj, = C Py + PIC3, - PIIDS R TH, + HJR] ™D, ,]P;
- P Hu:r:D, . + De_rTIH, ]PC (4.17)
2272 Y21 1271 1%

Note that for this step the equation for the nonzero

off-diagonal block Piz is linear.

Stage k: ( k > 1) Having solved for P°, Pl. e o o>

Pkfl

we differentiate (4.3) with respect to € and set.
€ = O, There are two cases.

Case 1: Kk even.

‘K k U3 k-1 _X )
P, = G;P; + P,G! + AJTT, Pi(to) =&, i=1, 2 (4.18)
where A?’l does not depend on Pk.
PX.(t) = & for all t > t (4.19)
i2 = =~ "o* *

Case 2: Kk odd.

*k k 3 k-1 .k _
P> = G;Py5 + P,G3 + ALST, Plz(to) =g (4.20)
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where ?51 does not depend on Pk.

0
=

k
P (t)

]
w

ph(t)

for all t > to.

Thus, we see the terms in the filter gain which
represent the cross-coupling between subsystems correspond
to the odd-numbered terms in the series.

Recapitulating, the procedure for computing an approxi-
mation to the P matrix, and hence the filter gain, is as
follows.

For an N-term approximation, the even-numbered terms

are of the form

p%e) | g
p?%(e) = K
g | p2X(e)

0’ 1, 2’ e o o (4021)

where for k = 0,
2k 2K 2k
Py (t) = Fi(t)Pi (t) + Py (t)Fi(t) + Qi(t)

2k . -1 2k
- Pj (t)Hi(t)Ri (t)Hi(t)Pi (t),

2k .
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and for k > O,

pfk(t) = Gi(t)P Kit) + p (t)G'(t)

+ A?k‘l(t)
1
2k : .

The odd-numbered terms are of the form

i | _2x+1 |
g PR
PR (e) = |— — — —|— — —
[p35 ()] 8
where for k = 0,
p2E*1(e) = 6, (0)P%E* (e) + PZE*L(e)Es(k)

+ 0,,(t) + a%5(e),

2k+1
Pio () = Piolt))

and for k > 0O,

°2k+1 2k+1 2k+l
P15 =G (t)P (t) + ) (t)G (t)
2K
+ Alz(t)’
2k+1

(t)) = #

(4.23)

(4.24)

(4.25)

(4.26)
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The suboptimal covariance matrix is given by

N=1
P (t,1) = zrlezpk(t'l" (4.27)
k=0

The principal appeal of this algorithm is that
computation of the estimation error covariance can be
accomplished by solving a sequence of problems whose
dimensionality is lower than that of the original prob-
lem. The advantage of this is particularly apparent for
rather large-dimensional composite systems. Suppose
that n = 16 and n, =n, = 8. Then instead of solving
n{n + 1)/2 = 136 coupled nonlinear equations, one solves,
say for N = 3, two decoupled sets of nl(nl + 1)/2 = 36
courled nonlinear equations and three decoupled sets of
36 coupled linear equations. It is well known that for
large n, convergence difficulties plague the solution of
the Riccati equation, see e.g. Meditch [23]. Also, for
certain classes of problems additional savings can be
obtained in computation due to the séecial structure of
the composite system. This will be dealt with in more
detail in the examples,

As we indicated earlier, the results just presented
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are not new, However, Haddad and Cruz [14] presented only
the algorithm without indicating for what classes of
estimation problems this approach might be applicable and
without demonstrating that the algorithm performs computa-
tionally in a well-behaved manner. It is the purpose of
our examples to make some preliminary exploration in that
direction.

For a large class of linear estimation problems the
corrupting plant noise is not white. Often this correlated
noise can ke modeled as the output of a linear shaping
filter operating on white noise. Thus, to obtain the
proper form for the model required by the Kalman filter,
the state vector is augmented with the states due to the
correlated noise processes of the system. This model can
naturally be viewed as an interconnection of two subsystenms

where the matrices F and C are of the form
I

a'l g | C
T
|

|
F = __:__, — (4.28)
4 leJ

]
where F, is often a diagonal matrix. The matrices H and

D are of the form

Hy

| &
_% -1, D=g (4.29)
| 2

= |
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In other words, interconnections occur only in the dynamics
of the composite system.

In a similar manner, if the observations are corrupted
by the sum of a correlated noise process and a white noise
process, the state can be augmented to include the effects
of the correlated measurement noise in the model of a form
reguired by the Kalman algorithm. For this class of prob-
lems, the system can be naturally viewed as an inter-

connection of two subsystems with

Fli &
F = _— =}, C=4g (4.30)
g l F
and
Hy | # g | P
Hz |———], D= |[— — — (4.31)
g- | o s | o

where F, is often a diagonal matrix.

A large number of estimation problems in automatic
navigation and control fall into the above classes of
problems or their combination. Another approach to this
class of problems, which utilizes lower-dimensional compu-
tations, is that of Bryson and Henrikson [ 24], but it is
restricted to the case of correlated measurement noise only.

The next natural question is whether the above
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algorithm can be generalized to include systems consisting
of more than two subsystems. The answer to that question

is no. The reason is thus,
In deriving the eguations for the succeeding terms
in the series, the following facts about the multiplication
of certain classes of partitioned matrices were used,
Suppose a is any matrix in the class of block-diagonal
matrices (two blocks on diagonal) and b is any matrix in

the class of zero block-diagonal matrices (two blocks on

diagonal); i.e. a and b are of the form

Then ab, ba, and bb belong to the class of zero block-
diagonal matrices and aa belongs to the class of block-
diagonal matrices. Because of this property, the equations
for the diagonal blocks in the odd-numbered terms are
homogeneous with zero initial conditions, resulting in
zero blocks on the diagonal. Similarly, the same result
is true for the off-diagonal blocks in the even-numbered
terms.

Now, suppose we generalize to s subsystems, then F,

C, H, and D are of the form



and

$  Cip e o o Cg
C21 ﬁ C23 eoe

1 Cqy » » o B _
g D12 ¢ s Dls
Dyy & Dy3 eee

[ Dgy o o o B |

In deriving the equations to be satisfied by the terms in

the series, we must consider products of matrices of the

form

g Dby, .
by, & -
bsl [ ] ®

L] [ ] b

Then aa is of the same form as a and ab and ba are of the

same form as b,

of the form of either a or b.

But bb in general is a full matrix, not

Hence, for the s subsystem



65

case, multiplication within the classes of partitioned

matrices encountered is not "closed."
Because of this lack of "closure" property, terms of

the form cP¥-1 + Pk°1C', for k > 2, appear which result in

coupled nonhomogeneous equations for the subsystem parti-

tions. Therefore, the series no longer alternates with
matrices of the form a and b and Pk can no longer be
computed via uncoupled sets of equations, which is the
chief justification for using the method.

How then do we generalize to the s subsystem case?
Clearliy, we can specialize the results of Chapter III to
the linear system, linear connections case. This will be
done in Section B. In exchange for the ability to deal
with arbitrary numbers of subsystems, we lose some of the
simple intuitive interpretation associated with the above
method and our ability to gquantitatively assess the

performance of the resulting filter.

B. 8-Subsystem Case

In this section we specialize the results of Chapter
III to the case of linear subsystems with linear inter-

connections and observations. Thus,



g Cy, o o o Cyq

C21¢ C23. [ ] QC2S
C: [} . * b

G+ - o 7]

¥ Dyy
Dy, #
| “s1 °

so that the Nth-order near-optimal modal-trajectory linear

filter is given by

Stage O:

zeroth~order term is given by

P

_ o O,
;i = Fipi + PiFi + Qi

o]
Pi(to) = Pi(to)

*o O

1 1 111

(o]
xi(to) =“i

Stage k3 (k =1, 2, « « 5 N=1) for i =
and t > to’ the kth-order term is given by
ii - FiP; + Pi?{ +0Q; - PiHiRleiPi,
P;(to) = &
xf = [P, - PiHsRTIH, IxY + PIBSY 4+ 2

k

1 (o]

- POH'RT H. PO,
1 1 1 1l 1

_ Orrop—1 _ o
xg = F;x + POHIR [yi(t) Hixi],

For i =1, 2, « . +» 82and t > t_, the

1’ 2’

(4.33)

(4.34)

..’s

(4.35)

(4.36)
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where Pi is computed only at Stage 1 and Bg'l and Ai'l
do not depend on xk, I =1, 2, ¢« o o5 ke

Stage N: The Nth-order near-optimal recursive linear

filter is given by

N=1
x*(t,1) = Z%,x"(t,m, £t (4.37)
k=0

Note that the expense we pay for the flexibility of
allowing any number of subsystems, attended by possibly
greater computational savings, is that no intuitively
appealing interpretation in terms of filter gain can be
made as could for the method of Section A. Perhaps the
greatest drawback is that this fact prevents us from

making a complete assessment of the performance of the

filter,
C. Performance Analysis

In this section we attempt to answzr the questions
of how suboptimal the above two filters are. In the
latter case, a partial answer can be given. The theorem
of Chapter III is applicable and for an Nth-order approxi-
mation the optimal cost functional is approximated up to

the 2N-order.

However, a more complete accounting can be given for
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the filter of Section A., If the optimal estimation error

covariance matrix is used, the filter gain is given by

K(t) = P(£)[H(t) + D(£)] R~ 1(¢) (4.38)

where P(t) satisfies (4.3) with € = 1, The value of the

optimal cost functional is given by

3t = trP(t). (4.39)

If the Nth-order approximation PS to P is used, the
filter gain is given by
K () = P_(t,1)[H(£) + D(£)]'R™I(¢) (4.40)
and the value of the cost functional is given by
J¢ = trP, (t) (4.41)

where Pa is the covariance matrix of the actual estimation
error resulting from the use of K. According to Friedland

L25], Pa satisfies
hd -1
P, =LF - P_(H + D)'R™"(H + D)]P,
-l L4
+ pa[p - P_(H + D)'R"(H + D)]
+Q + P(H + D)'R™M(H + D)B_,

Pa(to) = P(to). (4.42)



using P instead of P in the gain computation is the
difference between the value of the suboptimal cost

functional and the optimal cost functional; i.e.

69

Now, the degradation of the filter resulting from

AJ:J{-St

tr[Pa - P].

(4.43)

Denote P, - P by [, then subtracting (4.3) evaluated at

€ =1 from (4.42) we obtain

f‘ =[F - p(2 + DR~ Y + D)IT

+T[F - P(H + D)'r" (1 + D)]°

+ "[[(H + D)'r~ (1 + DA
+ A + D)'rR" Y1 + D))

+ e\ + p)'r"Y(u + DIA,

r'(to) =0

where

2 k=N
A= ZE, PR(t,e)] .
K=N : €=0

(4.44)

(4.45)

A more convenient form for /A can be found by taking the
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difference between P and Ps to find that

P-pP_ = eNA. (4.46)

By solving (4.44) and computing the trace of the
solution we have a direct method of evaluating the perform-
ance of the Nth-order near-optimal linear filter. More-
over, using (4.44) we can prove a theorem like that of
Chapter III by the method of Kokotovié and Cruz [26] for
the corresponding result for the linear regulator problem,

THEOREM 4,1, For an Nth-order near-optimal linear

filter,

a]( )I a]( l
P(t’e = P (t,e) » k = O’ 1’ 2’ e o o 2N-1
3 €=0 OJek 2 €=0

(4.47)

Proof. To prove the theorem, it is sufficient to
show that the first 2N terms in the series éxpansion of [
are zero. Setting € = 0 in (4.44) yields a linear homo-
geneous equation with zero initial condition forI"o.
Hence, ['°(t) = 0 for all t > t_ . Differentiating (4.44)
with reépect to € and setting € = 0, we find a similar
result for '}, Proceeding inductively, one can show that
this is true for terms up to the 2Nth-order. Beyond the
2Nth-order, the resulting iinear equation is no longer
homogeneous. For more details, see the analogous proof

of the corresponding theorem for the linear regulator
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1 ]
problem by Kokotovic and Cruz [ 26],
Comments on the interpretation of the theorem of

Chapter III are applicable here also.

D, Examples

In this section we present three examples which
represent, on a lesser scale, classes of estimation
problems for which the €-coupling method might be expected
to yield successful results. We point out that the
purpose of these simple examples is to demonstrate the
use of the algorithms and some of their properties.
However, the principal attraction of the method, compu-
tational savings, can only be realized on applications to

fairly large problems.

EXAMPLE 4,1. Suppose we are given a scalar plant

described by

x1 = -ax1 + bx2 + wl, a>0

with measurements
Yy = dx1 + Vv

wvhere w, and v are independent gaussian white noise

1
processes and X, is an exponentially correlated plant

disturbance,

Since X, can be modeled by the scalar system
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Xy = =CXy + Wy, C > 0

where LD is a gaussian white noise process independent of

v, we have the equivalent two-dimensional linear system

-a b
}.(": X + W
0 -c
with
cov{w(tl)w(tz)} = 05(1:l - t2)
and

cov{v(t,),v(t,)]} = r&(tl - t,)).

Viewing this system as an interconnection of two
scalar subsystems with states x4 and Xq respectively,

the third-order approximation to P is given by

pl(O)

*0 o 0,2 o
P, = -2ap; + q, - (dp;)"/r, p, (0)

Py = -2CP3 + 4o, p5(0) = p,(0)
° 2
piz = -la+c+d pg/r]pi2 + bpg + dy0

piz(o) = 912(0)
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éi = -2fa + dng/r]pi + 2bpiz, pi(O) =0
52 = -2[ep? + (apl,)%/rl, p3(0) = 0
2
pg + 0.5p1 piz 1
PS =
1 (e} 2
Py> Py + O.Sng

The equations for Ps’ P, and | were solved for both
the second and third-order approximations using a fourth-
order Runge-Kutta algorithm in the CSMP language. For
allruns, a=c=ds=r=q, =d, = pl(O) = p2(0) = 1.0
and q;5 = plz(o) = 0 were used,

In Figures 4,1 - 4.3 the elements of [for b = 1.0
and for N = 2 and N = 3 are plotted., In order to infer
the meaning of the magnitude of the numbers, the steady-
state value of the corresponding element of the P matrix
is printed on the plot also. The elements of the P matrix
were found to behave exponentially and decayed quickly to
their steady-state values,

From these plots we can see that the addition of the
third term in the series does not produce a filter which
is appreciably less suboptimal. For example, the steady-
state value of r1 for N = 2 is about 0.79% of the steady-
state value of Py and the steady-state value of I-' 1 for

N = 3 is about 0.1% of the value of Py In most cases
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this marginal improvement would not warrant the computa-
tion of the extra term,

In Figures 4.4 - 4,6 similar plots are given for
b= 0,1, As expected, by reducing the amount of coupling,
the degree of suboptimality is markedly decreased.

EXAMPLE 4.2. In this example we consider a scalar

system with measurements which are corrupted by the sum
of exponentially correlated noise and gaussian white

noise; i.e.,

[ J
X, = =axX., + W a>>o0

1 1 1’
Yy =¢x; + dx2 + V

where W, and v are independent gaussian white noise and

X, is exponentially correlated noise which can be modeled

by

where w, is gaussian white noise independent of v.
Augmenting the state, we have the equivalent two-

dimensional linear system

[-a 0
J.(= X 4+ W

| o



75
Y = [c,d]x + v
with
coviw(t,),w(t,)} = Qdt; - t,)
and
coviv(t,),v(t,)} = rdlt, - t,)

If we view this system as an interconnection of two
scalar subsystems with states Xy and X, respectively, the

third-order approximation to P is given by

b3 = -2ap? + q, - (cp)?/r, p}(0) = p,(0)
ﬁg = -2bpg + Qs pg(o) = p,(0)
*1

P = -(a +b + cng/r)piz - cdpgpg/f + d;5
1.(0) = py,(0)
P2 Py2

éi = -2(a + cng/r)pi - rcdpgpiz/r,

2
pl(O) =0
ﬁg = -2[bp§ + (dpg)z/r + 2cdpgpi2/r + (cpiz)z/f];

pg(O) =0
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2 1
pg + 0.5p1 p12
PS=
1 fo) 2
p12 p2 + O.Sp2

The equations for P_, P, and [’ were solved as in
Example 4.1 for both second and third-order approximations.
For all runs, the values a =b=c=r =q; =d, = p,(0) =
p2(0) = 1.0 and q,, = plz(o) = 0 were used.

The results are plotted in Figures 4.7 - 4,12 for
d =1,0 and d = 0,1, From a qualitative point of view,
the results were the same as in Example 4.1,

EXAMPLE 4.3, In this example we consider the error

propagation in a slow-moving vehicle pure inertial
navigation system, We will assume that the vehicle is
a slow-moving surface vehicle such as a ship and that
the navigation system is operating in a locally level,
latitude-longitude coordinate system with x-axis north,
y-axis west, and z-axis up. Since we consider only sur-
face vehicles, the vertical channel will not be imple-
mented., We assume also that the "platform errors* can be
neglected,

Given these assumptions, we have the following error

model for the position and velocity errors (Pitman [ 27]).



o 1 ]o0o o - fe s
2
X, _ -w 0 l 0 2:% 3 wl’z
1 |0 o ) 1%
| 0 1 2 0
2
| O ’2g%|‘“5 0 ] | ¥2,2.

where x, is the x-channel (north error) and X, is the
y-channel (west error) and «, is the Schuler frequency and
Syz is the vertical component of the earth angular rate,
The second subscript denotes the component of the sub-
system vector. For example, xl,l is the position error
in the x-channel, x1,2 is the velocity error in the x-
channel, and w1,2 is the accelerometer error in the x-
channel., The fact that some components of the w vector
are identically zero can be accounted for by allowing
Q to be semi-definite.

If we view the error model as an interconnection of

the north error model and the west error model, then

0 1
- )
wO
and
[o 0 0 0
Ci2 = » Coy = .
0 29 0 =20
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Suppose that we have only position measurements

available, then

and
H, = H, = [1,0], Dy, =Dy, = &

The equations for P, P_, and [ for N = 1, 2, and 3
were solved using rectangular integration and a step size
of 0.2 seconds for a nominal latitude of 45 degrees. The

initial P matrix was chosen to be diagonal with

pl(O) = p3(0) = 106 ft?,
p,(0) = p,(0) = 10° x &l (ft/sec)?.

The Q matrix was chosen to be diagonal with q, =d3 = 0
and 4y = Q5 = 3 chosen to correspond to an rms position
error of one foot after one second. The value of ry

6 ftg) was chosen to correspond to an rms

and r, (10
position error of approximately 450 ft. for one second
between sampling times,

In Figure 4.13 a portion of the results are listed.
The values of some of the quantities of interest for

comparison were too nearly equal for meaningful plots to
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be made. After the first column in which the time is
listed, the next six columns list the diagonal elements
followed by the trace of P_ for N = 1 and 3, P, and [ (G)
for N =1, 2, and 3. The last two columns list the
elements of the off-diagonal block-of P, for N = 2 and

3 and for P in the order Py3s Pygqs Po3s and Poge This
was done to get some idea of the effect of the coupling
between the two subsystems, which we can see from

Figure 4,13 is fairly small,

As we can see from Figure 4,13, the diagonal terms
for the three suboptimal covariance matrices are very
close in value to those of the optimal covariance matrix.
The fact that these approximations are not very suboptimal
is further verified by the magnitude of the elements of [
for the three cases.

It is apparent that round-off errors have effected
the computation of [. This is to be expected since the
difference of two large, but nearly equal, quantities, A\,
plays a major role in the computation of ri If this
were a significant problem, and it is not in this example,
programming precautions could be taken to minimize its
effect.

EXAMPLE 4,4, For our final example we chose to

compute the near-optimal filter of Section B and compare

it with the Kalman filter for the navigation system in



80

Example 4.3, Because the near-optimal filter does not
have a simple interpretation in terms of a suboptimal gain,
simulation of the error model of the navigation system, as
in the example of Chapter III, was required. In other

words, a covariance analysis was not possible.

For N = 3, the near-optimal filter is given by

(i =1, 2)
B = F,PQ + POFY + Q, - POHIH,PO/r., PD(0) = P, (0)
x§ = Fyx3 + POHI(y; - Hyx$)/ry, x3(0) =y
P{ = F,Pj + PiF! +0Q; - P{HIH.Pi/r., Pi(0) = &
ii = (Fi - PiHiHi/fi)x; + Cijx?’ xi(O) =0
ii = (F, - PiHiHi/ri)xf + 2cijx}, x?(o) =0

where j = 1 when i = 2 and j =2 when i = 1,
For the simulations, the mean values chosen for the

initial states were

100
M1 =M2 = y
0.125
In Figure 4,14 is a portion of the results from a
typical sample run. For each of the states at a particular

time, the sample value is listed folloved by the absolute
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value of the estimation error obtained from the Kalman
filter and the near-optimal filter for N = 1, 2, and 3,

It is clear that none of the filters tracked the
position states very well and the velccity states only
slightly better. The important thing to note, in the
context of our work here, is that the near-optimal filters
did as well as the Kalman filter. This is an indication
that the method has some potential, particularly in light
of the computational savings which result for large-

dimensional problems,
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Figure 4.13, Filter performance for Example 4.3
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Figure 4.14. Filter performance for Example 4.4
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Ve CONCLUSION

In the preceding chapters we have proposed new
approximate nonlinear filtering and smoothing algorithms
based upon a synthesis of ideas in optimal control theory,
large-scale systems analysis, and Bayesian estimation
theory.

The principal advantage of the method is that for
large-scale systems, significant computational savings
can be obtained over the computational requirements of
other approximate algorithms. From the preliminary
computational studies made for the examples presented,
we might expect that the method will perform best when
the composite system has light coupling between the sub-
systems and/or when the nonlinearities in the system are
small,

Another advantage of the method is that the smoothing
solution is a natural by-product in the derivation. The
nonlinear smoothing problem is a difficult one and most
previous methods resorted to merely linearizing the system
and applying the linear smoothing algorithm. The smoothing
problem in general requires a great deal of computation,
hence the decoupling property of our method makes it
particularly attractive.

Other attractions of the method are that only linear
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and Riccati type equations need be solved and that a
qualitative estimate can be obtained for the performance
of the algorithm,

As in the nonlinear problem, the computational savings
can be significant for the linear case when dealing with
large-dimensional systems., The approach of Haddad and
Cruz [14] is attractive because many systems may be
naturally viewed as consisting of two interconnected
subsystems, the results have a simple interpretation in
terms of a suboptimal gain, and a quantitative estimate
of the suboptimality of the algorithm can be obtained.

The modal-trajectory approach to the linear problem,
on the other hand, enables one to break the problem apart
into more than two subsystems. This results in perhaps
additional computational savings as well as a decoupled
solution to the émoothing problem.

On the debit side for the €-coupling approach, the
algorithm has no advantage over the Kalman filter for
small linear problems. For small nonlinear problems, the
only justification for its use is that if a sufficient
number of terms in the series are computed, better
performance can be obtained than that achieved with other
methods, It is expected that usually only two or three

terms will be needed.

The filter is tedious to design. Somewhat more hand
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calculation is needed than in, say, the extended Kalman
filter to specify the equations in the algorithm for a
particular application.

Perhaps a more serious drawback is that no intuitive
interpretation can be made in terms of a suboptimal gain
or error covariance matrix. This perhaps hinders the
evaluation of the performance of the filter. However, to
some degree this is a problem common to the other approxi-
mate methods as well,

Several investigations appear promising and interest-
ing related to this study. From a practical viewpoint,
perhaps the first requirement is a full computational study
of properties of these algorithms on a large-scale system
problem. This should be done coincident with a computa-
tional study of the other approximate nonlinear algorithms
for comparative purposes.

Clearly, a quantitative measure of the guality of
performance of the algorithms is desirable. O©One might
con jecture that the way to do this is to establish a
bound on the remainder term for the series expansion for
the cost functional. That does not appear to be a trivial
problem.

Along these same lines, an analysis would seem desir-
able of the convergence properties of the solution of the

modal-trajectory TPBVP for € on the interval [0,1].
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We have used the terms light coupling and small
nonlinearity. An investigation establishing a quanti-
tative definition of those terms within the context of the
problems studied here would be of great practical value.

In Joseph [ 28] and Pentecost [19] a method was
proposed for linear filtering which utilized a partitioning
of a system into subsystems. A study of the relationship
of that method with the present one would be of interest.

Throughout this work we have indicated that the
estimation procedure would be implemented digitally. In
many, perhaps most. applications it would be more cdesir-
able to convert the continuous problem to a discrete one
and perform discrete estimation rather than convert the
continuous estimation procedure to a discrete form.

Given the foundation presented here, it should be a simple

matter to derive the discrete analogy to the algorithms

given here.
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VIII. APPENDIX

The purpose of this Appendix is to state for refer-

ence purposes the linear estimation problem and summarize

its solution, the Kalman filter,
Suppose that a representation of a dynamical system

is given by the (formal) stochastic differential equation
x(t) = F(£)x(t) + wit), &>t (A.1)

where x(t) is the n-vector state and F(¢) is an n x n
known continuous matrix time-function. Continuous measure-

ments are taken via
y(t) = H(t)x(t) + v(t), t > to (A.2)

where y(t) is the m-vector measurement and H(.) is a

-

known m X n continuous matrix time-function. {w(t), t > t03
and {v(t), t > to} are zero-mean gaussian white noisz

processes with
covi{w(t,),w(t,)]} = Q(£)8(t, - t,),
coviv(t ),v(t,)]} = R(tl)é(tl - t,). {A.3)

The initial state x(to) is. normally distributed, x(to)nv
NqL.P(to)) with x(to), {w(t)}, and {v(t)} independent.

The problem then is, given the above model of the
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dynamical system, determine the minimum variance estimate
of the state at any time t > t, given the measurement data
{r®), £, < 2 < t}. The solution to this problem is given
by the well-known Kalman-Bucy filter which was first
derived (in the continuous form) by Kalman and Bucy in
1961 [6].

The Kalman-Bucy filter for the continuous system

(A.1) - (A.2) is given by the differential equations
x*(t) = F(t)x*(t) + P(t)H' ()R~ () y(t) - H(t)x*(t)],

x*(to) =FL, t > tO (Ao4)

where P(t) satisfies the matrix Riccati equation
P(t) = F(t)P(t) + P(£)F*(t) + Q(t) - P(t)H'(t)R™IH(t)P(t),

t >t (A.5)

with the initial condition the covariance matrix of the
initial state, P(to). x*(t) is the minimum variance
estimate of the state at time t and P(t) is the covariance
matrix of the estimation error resuiting from x*(t).
Solution of the linear equation (A.4) with the Riccati
equation (A.5) as measurements are obtained produces the
minimum variance estimate of the state as a linear operation

on the measurement data,
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